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TECHNICAL MEMORANDUM X-64841
SSME/SIDE LOADS ANALYSIS FOR FLIGHT CONFIGURATION
INTRODUCTION
This memorandum presents the results of a comprehensive Monte Carlo
dynamic loads analysis of the Space Shuttle Main Engine ( SSME) for the side
load transients produced by flow separation in the engine bell during ground
ignition. The side load excitation is a transient phenomenon which occurs dur-
ing ignition of an engine that has a high expansion ratio nozzle like the SSME.
The previous publication of this document is revised herein to include a more
refined structural model of the engine and the orbiter thrust structure and to
include an active thrust vector control system (in the previous analysis the
actuators were simulated with "equivalent?' springs). The results presented
herein pertain only to the flight configuration; test configurations that include
constraints on the engine different from the flight configuration will require
additional analysis.
STRUCTURAL MODEL
The structural modeling and vibration analysis were accomplished by the
Structural Dynamics Section, S&E-ASTN-ADS, MSFC. The dynamic response
of the engines is greatly influenced by the stiffness characteristics of the orbiter
thrust structure at the interfaces with the engine. The orbiter thrust structure
flexibility matrix was supplied by Rockwell International, Space Division. The
flexibility coefficients are different for each engine and for each engine/thrust
structure interface point. This necessitates a structural model for each engine.
The engine locations, their orientations, and coordinate axes are shown in
Figure 1. The description of the structural models and their vibration analyses
are documented in MSFC memorandums S&E-ASTN-ADS (74-23) and S&E-
ASTN-ADS (74-25). The frequency of the pendulum mode (first mode) was
determined to be 8.49 Hz, 9.42 Hz, and 8. 15 Hz for engine numbers 1, 2, and
3, respectively.
Figure 2 presents the NASTRAN node points and coordinate system for
the structural idealization. Table 1 shows the degrees of freedom and grid
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point coordinates. The structural models of all the engines are identical; only
the backup structure differs for each engine. Two coordinate systems are
identified in Table 1. Coordinate system no. 4 is fixed with its origin at the
gimbal point. Coordinate system no. 3 is rotated with respect to coordinate
system no. 4 to obtain the various start positions specified for each engine.
Five propellant ducts were included in the structural model and are identified in
Table 2. A sketch indicating the most pertinent nodes for this analysis is shown
in Figure 3. It is noted that the actuators are not included as part of the struc-
tural model. For this analysis the mode shapes of the "dangling" engine (engine
without actuators) are used. The actuators are simulated as feedback control
systems via the transient response equations (see Appendix for details).
The structural elements monitored for loads are identified in Table 3.
The NASTRAN sign convention is used for element loads and is shown on Figure
4. A model damping value of t, = 0. 01 was used in all the "dangling" modes.
Modes were retained through 100 Hz in the transient response analysis.
TVC ACTUATOR MODEL
All actuators in the orbiter thrust vector control system are not identical.
However, for this study all were assumed to be identical to the pitch actuator on
engine 1. The actuator locations are shown in Figure 1. The pitch actuator on
engine 1 is being developed by MSFC and presently is the only one for which a
dynamic model is available. All the actuators are expected to behave in approxi-
mately the same way, dynamically. A description of the actuator model is
provided in MSFC memorandum, S&E-ASTR-GM-140-74, SSME TVC Actuator
Block Diagram for Transient Load Analysis, dated April 16, 1974. The block
diagram is shown on Figure 5 and the actuator parameters are tabulated in
Table 4. The procedure used to couple the actuator model to the structural
model is explained in the Appendix.
SIDE LOAD FORCING FUNCTIONS
The SSME side load forcing functions were obtained by scaling J-2S side
load data to the SSME. The J-2S data were gathered and analyzed by Rocketdyne
from J-2S firing data and J-2S dynamic shake test data. Rocketdyne supplied
an. analog tape containing 24 side load transients and a 40 Hz bandwidth white
noise signal from which the transients were obtained. These transients were
derived by shaping the white noise signal as indicated in the following block
diagram.
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The J-2S side load data were extracted at the bell exit; i.e., grid point 33 on
Figure 2. It is observed that the magnitude of the side load transient is directly
related to F* , the rms force per 1. 6 Hz bandwidth of the white noise. Data
max
scatter was observed in determining F* from various measurements (load&
 max v
cells and accelerometers). Thus this parameter is treated as a random
variable in the Monte Carlo analysis. The statistical distribution for F* was
generated from test data supplied by Rocketdyne.1 The data were taken from
test 043 for the time slice corresponding to the operating point for maximum
side loads. The data points included measurements from both load cells and
accelerometers. The distribution is presented in Figure 6. Rocketdyne's
assessment of all valid test data had previously yielded a mean +3<r value of
1600 Ib rms per 1.6 Hz bandwidth for J-2S side load. Correspondingly, the
distribution in Figure 6 was adjusted to yield the same mean +3<r value.
The analog data tape supplied by Rocketdyne was digitized by R-COMP-
RRV at MSFC. Plots of the digitized transients are presented in Figures 7
through 30. The digitized transients are referenced to F* = 1432 Ib rms per
max
1.6 Hz resolution bandwidth. It was observed that the digitization at 400 samples
per second tended to generally decrease the peak value of the transient by about
10 percent.
Information with regard to directionality of the side load excitation was
not available from J-2S data. For this analysis the direction of the side load
excitation, 9 , (Fig. l) is assumed variable from 0 deg to 360 deg and is
considered to be constant for each side load transient. Thus, 6 is a random
variable for the Monte Carlo analysis with uniform distribution between 0 deg
and 360 deg.
1. Internal Letter SSME 73-3199, Statistical Evaluation of J-2S Side Load Data
for SSME, November 15, 1973.
11 U L..: IL.Ji. 11 ._Ji II 11 11 II il M li.. 11 tt II il L JL
To obtain side load excitation applicable for the SSME, the J-2S data are
multiplied by a scale factor, R , . This scaling factor is also treated
as a random variable. The distribution for the scaling factor is normal with
mean equal to 1. 53 and a standard deviation of 0. 06. This information was
supplied by S&E-ASTN-PPT, MSFC.
In view of the above discussion the x and y components of a side load
excitation acting on grid point 33 are expressed as
<BSSME/J-2S> f1'1' V"
and
where F. (t) is one of the 24 side load transients presented in Figures 7 through
30; i.e., i= 1, 2, 3, ... 24. The transient number, i , is also treated as
a random variable uniformly distributed between 1 and 24. The factor 1. 1
is included,to account for the decrease in peak values associated with digitiza-
tion of the analog tape.
It is observed that this description of the side load forcing function
involves four variables F*, 9, 1*™,,^/T Oo> an<^ F. ( t) . Considering thebojVLJfcj/J — 4O i
ranges and various combinations of these variables, an infinitude of side load
forcing functions can be defined.
MONTE CARLO LOADS ANALYSIS
There are at least two methods for determining dynamic loads and
responses. One method is to calculate loads based upon discrete values of the
input parameters selected by judgment from the entire range of possible input
data. If judgment and experience are sufficient to identify the combination of
parameters yielding maximum loads, the resulting maximum load may be
11 II li H 11 M M .11 _ il 11 II il _U 11 II M U L L L
unduly conservative. For example, if the worst combination of the four
variables involved in the SSME side loads analysis is selected as input, the
resulting loads will exceed the design values. A second method is to utilize
the Monte Carlo technique. This involves drawing samples of the input param-
eters from their parent populations through sampling procedures governed by
specified probability laws.
For this analysis the input parameters which define the side load
excitation are treated as random variables. These parameters are as follows:
1. F*, the amplitude of the J-2S side load, Ib rms per 1. 6 Hz band-
width.
2. 9, the direction of the side load excitation.
3
-
 Rc!CTv/rr. /T oc» the scaling factor from J-2S data to SSME.SoME / J— 2S
4. F. ( t) , the side load transient number, i, from the set of 24
available.
Values of the above variables were drawn to define 100 side load forcing
functions. The procedure used herein for drawing the variables according to
their probability laws is based upon a sequence of random numbers, p ,
uniformly distributed in the unit interval 0 =£ x ^ 1. UNIVAC library subroutine
RANDOM was used to generate 400 random numbers uniformly distributed
between 0 and 1. Four of these are used to determine values of the input
variables for each of the 100 cases. Having determined the random numbers,
p. , to select samples of random variable, £ , with distribution F (x) one must
solve the equation
P = F(x) (3)
for x as a function of p . The solution is
x = 0 ( p ) . (4)
II 11 11. M... U. II. .11 II 11 11 U. II _U. 11 11 11 1L 11 L L
Substitute the random numbers p. into the right side of equation (4) and
obtain a set of numbers, t. , as
(5)
The numbers t. are distributed according to the distribution F(x).2 The input
variables for this study defined using this random selection technique are
presented in Table 5. The peak values of the resulting side load forcing
functions are presented in Table 6.
Using the 100 side load forcing functions generated by the random
selections procedure, 100 transient response cases were run resulting in peak
loads and accelerations for each case. The peak loads and acceleration data
are combined statistically, resulting in a single set of loads to be used for
strength assessment purposes. The combination of load is
L = L ± KS,
where
L = statistical load,
K = number of standard deviations desired,
S = sample standard deviation of the load
N
N
2. Monte Carlo Principles and Neutron Transport Problems, by Jerome
Spanier and Ely Gelbard.
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Nand




N = number of cases, (100 for this analysis)
L. = peak value (maximum or minimum) for case i.
Since a finite sample size is used to form the statistical load (100 cases
in this analysis), confidence limits are applied to obtain an estimate of the upper
limit on the true value of the statistical load. The confidence limits are
determined by modifying the K value to assure that a load having K sigma prob-
ability will not be exceeded. This new modified value of K is designated K .3
P
The load combination thus becomes










K = number of standard deviations (three for this analysis),
3. The expression for K is explained in Monte Carlo Dynamic Analysis for
Lunar Module Loads, by Merchant and Sandy, Journal of Spacecraft and
Rockets, Vol. 8, No. 1, January 1971.
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Z = point on the normal density curve corresponding to the desired
confidence level,
Z = 1.645 for 95 percent confidence level (used in this analysis) «J
P H
and
N = number of cases (100 in this analysis).
Summarizing, the following steps were taken to determine the statistical
loads and accelerations for the SSME side load excitation problem:
1. 100 sets of randomly selected input parameters are chosen.
2. 100 transient analyses are accomplished to obtain 100 cases of
loads.
3. Peak (maximum and minimum) loads are obtained and are assumed
to have a Gaussian distribution.
4. A mean and standard deviation are computed.
5. A statistical load is computed for strength analysis. This load is
defined to be the upper confidence limit on the So- load corresponding to a 95
percent confidence level.
OUTPUT
Since the three dynamic models of the engines are different, because of
differing backup structure and orientations, they will necessarily yield different
load responses. For expediency engine 3 was not considered; the justification
for this is as follows:
Previous analysis indicates that in general the loads tend to increase as
the pendulum frequency increases. Engine 2 has the highest pendulum frequency
and thus must be considered. Engine 1 being the upper engine is also considered
for completeness and comparison. Thus one has loads for both a lower engine,
engine 2, and the upper engine, engine 1.
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The transient response analysis was accomplished using the 100 forcing
functions generated as described above. The engines were in the start posi-
tions,4 which are identified in Figure 1.
The response data for each engine was divided into two sets, output set
A and output set B. The actuator loads and element loads are presented in out-
put set A. Displacement and acceleration responses are in output set B. The
coordinates (or rows) of output sets A and B are identified in Tables 7 and 8,
respectively. The statistical values of output set A and output set B for engine
1 are presented in Tables 9 and 10, respectively. Similarly, output set A and
output set B data for engine 2 are presented in Tables 11 and 12, respectively.
The statistical values represent the upper confidence limit on the 3a value for
a 95 percent confidence level as determined from the 100 case samples. The
mean values and standard deviations are included for information only. For
strength assessment the statistical values should be used.
RESULTS
Results of particular interest are extracted from the output tables and
tabulated below.
1. Actuator Load:
Maximum = 69 980 Ib (Compression), Table 9, row 2
Minimum = 73 020 Ib (Tension), Table 9, row 2
2. Throat Bending Moment Load:
Peak = 2 672 000 in.-lb, Table 9, row 43
3. Gimbal Bearing Center Torsion Load:
.Peak = 598 200 in.-lb, Table 11, row 13
4. Rockwell Internal Letter, P&PS-GHC-73-029, April 26, 1973.
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4. High Pressure Fuel Pump Acceleration:
Translational:
h
Peak = 25. 5 g, Table 10, row 22
Rotational:
Peak = 1.23 g/in., Table 10, row 26
5. High Pressure Oxidizer Pump Acceleration
Translational:
Peak = 33. 06 g, Table 10, row 30
Rotational:
Peak = 1.16 g/in., Table 10, row 34
6. Nozzle Exit Displacement
Peak = 2.19 in., Table 12, row 3
The actuator incorporates a bypass which opens at an actuator load of
90 000 Ib. The 3cr actuator load (73 020 Ib) is well below the bypass value. It
is interesting that for each engine only one case out of the 100 cases resulted in
an actuator load exceeding the bypass value.
The nozzle exit displacement of 2. 2 in. is well within the available rattle
space of approximately 18 in. To demonstrate the transient character of the
response data, time histories of actuator loads for a specific case are presented
in Figures 31 and 32. These time histories are typical of those obtained for all
cases examined.
10
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NOTES: ENGINES CANTED OUTBOARD IN YAW
ENGINES CANTED BELL UP IN PITCH
Figure 1. SSME-orbiter configuration.
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KD - DUCT STIFFNESS MATRICES





U 11 11 .11 . .11 . M . II










Figure 4. Element coordinate system.
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Side Load Forcing Functions are generated using from this set
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0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0 2.2 2.4
T01 SSME 100373 SSME SIDE LOAD FORCING FUNCTION
Figure 7. Side load transient no. 1.
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CU Oj6 0.8 1.0 1.2 14 1.6 1.8 2X £2 24
T02 SSME 100373 fiSME SIDE LOAD FORCING FUNCTION
Figure 8. Side load transient no. 2.
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0.4 0£ 0.8 1.0 1.2 1.4 IS 1.8 2.0 2.2
T03 SSME 100373 SSME SIDE LOAD FORCING FUNCTION
2.4
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Figure 9. Side load transient no. 3.
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OA OJB 13 1.6 2.0 2A 2£
T04 SSME 100373 SSME SIDE LOAD FORCING FUNCTION
Figure 10. Side load transient no. 4.
3.2 3.6
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0.2 0^ 4 0.6 0.8 1.0 1.2 1.4 1£ 1.8 2.0 2J 2.4 2.6
T05 SSME 100373 SSME SIDE LOAD FORCING FUNCTION
22
Figure 11. Side load transient no. 5.













1.0 U 14 IJB Ii 2X)
100373 SSME SIDE LOAD FORCING FUNCTION
i2 Z4 2£
Figure 12. Side load transient no. 6.
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0.2 OJJ 0.6 0.8 1.0 1.2 \A 1.6 1.8 2.0
T07 SSME 100373 SSME SIDE LOAD FORCING FUNCTION
23.
24
Figure 13. Side load transient no. 7.
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-10000
0.2 OA OJS 03 1.0
T08 SSME 100373
1.2 14 1.6 1.8 2.0
SSME SIDE LOAD FORCING FUNCTION
2.2 2.4
Figure 14. Side load transient no. 8.
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0 O2 O4 Ofi OJ tO U 1^4 IjB U 2.0 Z2 14
TOB SSUE 100373 SSUE SIDE LOAD FORCING FUNCTION
Figure 15. Side load transient no. 9.
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Figure 17. Side load transient no. 11.
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T12 SSME 100373
2JO 12 2A ZB
SSME SIDE LOAD FORCING FUNCTION
Figure 18. Side load transient no. 12.
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Figure 19. Side load transient no. 13.
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1.2 1.4 1£ 1^  2.0
SSME SIDE LOAD FORCING FUNCTION
Figure 20. Side load transient no. 14.
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T15 SSME 100373 SSME SIDE LOAD FORCING FUNCTION
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Figure 21. Side load transient no. 15.




















































































































































0.2 0^  06 OJi 1.0 1.2 14 1£ 13 2.0 2J Z4
T16 SSME 100373 SSME SIDE LOAD FORCING FUNCTION
Figure 22. Side load transient no. 16.
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T17 SSME 100373 SSME SIDE LOAD FORCING FUNCTION
Figure 23. Side load transient no. 17.
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0.2 O4 . 0.6 U 1.0 • U 1^ 1£ 1£ 2.0
T18 SSME 100373 SSME SIDE LOAD FORCING FUNCTION
Figure 24. Side load transient no. 18.
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T19 SSME 100373 SSME SIDE LOAD FORCING FUNCTION
Figure 25. Side load transient no. 19.
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T20 SSME 100373
U 14 1.8 13 24)
SSME SIDE LOAD FORCING FUNCTION
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Figure 26. Side load transient no. 20.
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Figure 27. Side load transient no. 21.







SSME SIDE LOAD FORCING FUNCTION
Figure 28. Side load transient no. 22.
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1.2 1.4 1* 1.8 2JO
SSME SIDE LOAD FORCING FUNCTION
13. 2.4
Figure 29. Side load transient no. 23.
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100373 SSME SIDE LOAD FORCING FUNCTION
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Figure 31. Actuator no. 1 load time history engine 2, start position,
excitation case 1 peak side load excitation = 13 613.3 Ib.
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Figure 32. Actuator no. 2 load time history engine 2, start position,
excitation case 1 peak side load excitation = 13 613.3 Ib.
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NOTES: Use Right Hand Rule
Grid Points are identified in Figure 2.
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TABLE 3. IDENTIFICATION OF STRUCTURAL ELEMENTS










































































NOTE: Element coordinate system defined in Figure 4.
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Actuator piston equivalent mass
Pressure feedback gain
Pressure feedback shaping network








Dynamic pressure feedback flow
Load bypass flow
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Gimbal Point, Plane 1 Moment
Gimbal Point, Plane 2
Gimbal Point, Resultant Moment
Gimbal Point, Plane 1 Shear
Gimbal Point, Plane 2 Shear
Gimbal Point, Resultant Shear
Gimbal Point, Axial Load
Gimbal Point, Torsion (-X Side)
Engine C. L. Loads
Engine C. L. Loads
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Engine C. L. Loads
Engine C. L. Loads
Throat, Plane 1 Moment
Throat, Plane 2 Moment
Throat, Resultant Moment
Engine C. L. Loads
1
Engine C. L. Loads
Bell C. L. Loads
1





























































NOTES: Prefixes: M = Bending Moment (in.-Ib)
S = Shear Load (Ib)
A = Axial Load (Ib)
T = Torsional Load (in.-lb)
Plane 3 loads are resultant of loads for plane 1 and plane 2; for
example: M10B3 = SQRT( M10B1**2 + M10B2**2)
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Bell Displacement at Exit
|































































NOTES: Prefixes: DY = Displacement in Y-Direction
DZ = Displacement in Z-Direction
DYZ = Root Sum Square of Displacements, DY, DZ
AX = Acceleration in X-Direction
AY = Acceleration in Y-Direction
AZ = Acceleration in Z-Diiection
AYZ = Root Sum Square of Accelerations, AY, AZ
AXYZ = Root Sum Square of Accelerations, AX, AY, AZ
RAX = Rotational Acceleration About X-Axis
RAY = Rotational Acceleration About Y-Axis
RAZ = Rotational Acceleration About Z-Axis
RAYZ = Root Sum Square of Rotational Acceleration, RAY, RAZ.
RAXYZ = Root Sum Square of Rotational Acceleration, RAX, RAY, RAZ.
Displacements in inches, Translational Accelerations in g, Rotational Accelerations in g/inch
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APPENDIX
METHODOLOGY
The development of the equations used to define the response-of the
SSME for the side load excitation is presented herein. The formulation is
structured to facilitate the application of the Fortran Matrix Analysis (FORMA)
system for solution of the problem on the digital computer. FORMA is a library
of subroutines coded in Fortran IV for the efficient solution of structural
dynamic systems on an electronic digital computer. The FORMA subroutines
are in the form of building blocks which can be put together to solve a large
variety of structural dynamic problems.
For convenience the methodology development is divided into two sec-
tions: (l) transient response analysis and (2) transient loads analysis. The
equations of motion and the coordinates used to define the system state are
explained in the transient loads analysis section. The transformation equations
applied to obtain loads (and displacements and accelerations) from the system
state coordinates are explained in the transient loads analysis section.
TRANSIENT RESPONSE ANALYSIS
The transient response analysis involves describing the interaction of
the structural model and the actuator models for an externally applied forcing
function. The structural model is comprised of both the engine structure and
the orbiter thrust structure. The actuators are simulated as a feedback control
system, controlling the motion of the engine. The equations of motion for the
transient response are obtained by:
1. Developing the equations of motion for the structural model; replac-
ing the actuators with externally applied forces. This matrix equation will be
referred to as the structural equations of motion.
2. Expressing the block diagram model of the actuators into a matrix
equation. This will be referred to as the actuators equation of motion.
3. Coupling the structure and actuators by applying compatibility
relationships to obtain the equations of motion for the coupled system's transient
response.
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Structural Equations of Motion
The equations of motion for the engine without actuators are developed
first. The actuators are replaced with external forces (F (t)}, {F, (t)}, {F (t)},
3, D C
and{F,(t)} applied at the actuators attachment points a, b, c, and d. The side
load forcing function {F (t)} is applied at the centerline of the bell exit plane,
6





3x1 vector of components of force acting at point
a (same notation for other points).
KBUS = BACKUP STRUCTURE
STIFFNESS MATRIX
Figure A-l. Applied forces for engine without actuators.
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where i means a properly positioned matrix and
(h) = discrete displacement,
[M] = discrete mass matrix,
[D] = discrete dumping matrix,
[K] = discrete stiffness matrix.
It is extremely convenient to transform the discrete equations into a
more practical form. The mode shapes of the dangling engine (engine without
actuators) is available from the modal analysis. With these mode shapes one
can write the transformation equation
(h) = (A-2)
where
[ ^  ] = modal matrix, each column being a mode shape,
{ g) = vector of modal coordinates; size (n x l),
n = number of modes retained in the transient analysis.
The mode shapes are orthogonal such that
[0]T [MH0] = [Meq] , (A-3)
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\
where iMeqJ = diagonal matrix of equivalent masses. Additionally the modal
vectors are energy normalized such that
[Meq]=[l], (A-4)
where f I J is the identity matrix.
Substituting expression (A-2) into (A-1) and premultiplying by [ 0 ] ,
one obtains




TIn view of expressions (A-3) and (A-4), the triple matrix product [0 ] [K] [0]
reduces as follows:
[0] [KH0] = (A-6)
where I CD . I is the diagonal matrix of modal frequencies squared.
One assumes that the damping matrix is such that
(A-7)
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where
= diagonal matrix for model damping,
£,. = modal damping coefficient for mode i.








[0J = modal matrix whose rows correspond to the X, Y, Z displace-
ments at point e; size (3 x n),
[02J = modal matrix whose rows correspond to the X, Y, Z displace-
ments at points b, d, a, and c, respectively; size (12 x n).
Expression (A-8) is the equation of motion in modal coordinates for the
structural model with the actuators replaced by the applied forces; (F (t)},
a
{F (t)}, (F (t)}, and {F (t)}. These forces are unknowns at this point in the
D C Q
analytical development and must be eliminated.
Actuators Equations of Motion
The block diagram representation of an actuator is shown on Figure 5.
This block diagram represents the actuator grounded at one end with an external
force applied at the free piston end. For the analysis here, the actuator con-
necting points a and b are referred to as actuator no. 1; actuator no. 2
connects points c and d (see Figure A-1). Let points a and c correspond
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to the grounded ends of the actuators. It will be necessary to remove these
"ground" constraints since points a and c are points on the flexible thrust
structure.
Each block in the diagram contains the Laplace representation of a
transfer function of the form
N(s)
out ~ D(s) V
where D( s) is of quadratic or lower order and the order of N( s) cannot exceed




The several transfer functions involved in the block diagram can be
stacked in one matrix expression of the form:
[H]{E> = {0} . (A-9)
The blocks are connected by applying the compatibility relations which exist
between various input-output coordinates in { E} as defined by the block diagram.
These compatibility relations are expressed in a transformation equation as
{E} = [CT]{6) , (A-10)
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where
[CT] = coordinate transformation matrix,
(6 } = coordinates chosen to represent the system block diagram
equations; size (mx l),
m = number of block diagram coordinates.
Substituting expression (A-10) into (A-9), one obtains a matrix equation
for the block diagram as
[G]{6) = {0} , (A-ll)
where
[G] = [H][CT]
G(I, J) = a.. S2 + 13.. S + y..
Then equation (A-ll) can be expressed in a more convenient form as
[a] {6} + l/M{6} + [y]{6} = {0} . (A-12)
Now, a procedure by which a block diagram model can be expressed in
a matrix equation which has the same form as the structural equations of
motion (A-8) has been outlined. This procedure was applied to the block
diagram of the actuators. The equations for both actuators are stacked in one
matrix equation of the same form as equation (A-12). The bypass load limiter
loop is omitted for this analysis. The matrix expression obtained for the
actuators equations of motion is as follows:
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0 0 0 0 0 0 0 0 f ( D
0 0 0 0 0 0 0 0 Y(2)
0(i) o o o o o o o x f i )P P
0 1 0 0 0 0 0 0 Qyd)
0 0 A(1)T ( 1 ) - K (1)T (1)K ( 1 ) 0 0 0 0 QdnfWP p p o upi
0 0 0 A(l) 0 0 0 0 Xj(l)
0 0 0 0 M ( 2 ) 0 0 0 X ( 2 )
P ..P
0 0 0 0 0 1 0 0 CL(2)
0 0 ° ° 0 0 A(2)Tp(2) -Kp(2)Tp(2)KQ(2) Qdpj<2)
0 0 0 0 0 0 0 A(2) Xj(2)
[01
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 -KQd) 0 0 0 0
0 2fv(l)wv(l) 0 0 0 0 0 0
(l)Tn(l)K ( 1 ) 0 A(l) 0 0 0 0 0) p o
0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 -KQ(2)
0 0 0 0 0 2f(2)wy(2) 0 0
0 0 0 0 Kn(2)T n(2)K ( 2 ) 0 A(2) 0p p o
0 0 0 0 0 0 1 0
[7] {5}
0 0 0 0 0 0 0 0 0 0 f(l)
0 0 0 0 0 0 0 0 0 0 f(2)
- 1 0 K ( 1 ) 0 0 0 0 0 0 0 X ( 1 )
1 1 "
0 0 H(l)Kv(l)wv2(l) cjvz(l) 0 0 0 0 0 0 Qyd)
K 0 0 0 0 0 0 0 0 0 0 , DUMMY
0 0 0 - 1 0 0 0 0 0 0 DUMMY
0 - 1 0 0 0 0 KQ(2) 0 0 0 Xp(2)
0 0 0 0 0 0 H(2)Kv(2)cjy2(2) ojv2(2) 0 0 ^(2)
0 0 0 0 0 0 0 0 0 0 DUMMY
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In the above expression the index (l) indicates that the parameter is for
actuator no. 1 and an index (2) indicates actuator no. 2. The block diagram
parameters are described in Table 4.
Coupled Actuators/Structure Equations of Motion
In the previous sections the equations of motion have been developed for
(l) the structural model without actuators and (2) the actuators with one end
grounded, the other end free. Now these systems will be coupled and the equa-
tions of motion for the combined system will be obtained. In order to accomplish
this, compatibility conditions between the two systems involving force relation-
ships and displacement relationships must be enforced.
One knows that, if one neglects the mass of the actuator, the forces
applied at the attachment points are opposite in direction and equal in magnitude.
Then for actuator no. 1,
Fa = -Fb = f( 1) Uj
where Uj is a unit vector along the actuator axis directed from point b toward
point a. Similarly, for actuator no. 2,
Fc = -Fd = f(2)
where U2 is a unit vector along the actuator axis directed from point d toward
point c.



















f ( 2 ) |
sion
Substituting equation (A-14) into equation (A-8), one obtains the expres-
.(A-is)
Since the actuator forces, {f}, are unknowns, one chooses to rewrite
equation (A-15) with the actuator forces on the left-hand side to obtain the
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Now, the structural model equations of motion, (A-16), and the actuator
models equations of motion, (A-12), can be stacked in one matrix expression
as follows:






















The force compatibility conditions, (A-14), are contained in equation
(A-17); however, there are displacement relationships yet to be included. The
ground constraints for the actuators are relieved and deflection compatibility
conditions are implemented by a transformation which will be applied to equation
(A-17).
Consider actuator 1 only for the time being and let the vectors p and
3,
p denote the displacements of ends a and b, respectively. These vectors
are shown on Figure A-2. Then, take components of p and p. along the
a b
undeformed actuator as follows
71
11 11 11 li.._.li. li ._ll.-li._li 11 U U _ _ U . ii 11 M 1 L . . L L. L







Figure A-2. Actuator geometry.
One assumes that the deflections will be small and relieve the ground
constraint at point a by applying the expression
6", = 6 + X (l)b a pv ' (A-19)
Substituting expressions (A-18) into (A-19) and solving for X (l), one obtains
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Xp(l) = Ut • (p^-P a ) • (A-20)
The displacements at the actuator ends are equal to the displacement
of the structural model (engine and backup structure). Using the mode shapes
of the structural model to define the deflections of the structural model, one





[0 ] = modal matrix whose rows correspond to the X, Y, Z displace-
3,
ments at point a,
[<j>, ] = modal matrix whose rows correspond to the X, Y, Z displace-D
ments at point b.
Substituting expressions (A-21) into (A-20), one obtains
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In a similar manner, the following expression is obtained for actuator 2:
X (2) = [TXP2Q]{q> (A-23)
where
[TXP2Q] =


























1 0 0 0 0 0 0 0 ~
0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
-















Substituting equation (A-24) into equation (A-17) and premultiplying by [$ ] ,



















. [0] [ y j _
[D*l = [*1 [D,].
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It can be shown that the rows and columns of [A*], [B*], and [C*]
which correspond to f( l) and f( 2) must necessarily be zero. Likewise the
rows of [D*] corresponding to f( l) and f ( 2 ) must necessarily be zero. [The
coupling procedure could have been accomplished by solving equation (A-13)
for f( l), f (2) and inserting into equation (A-15), thus eliminating f( l), f(2)].
As an error check, the rows and columns corresponding to f (l) and f(2)
are examined for nullness in the computer program. By collapsing the null
rows and columns from the matrices, one obtains the equations of motion for






















and [ A ] , [B], [C], [D] are obtained from [A*], [B*], [C*], [D*] by remov-
ing the null rows and columns corresponding to f (1), f (2 ) .
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at incremental times using FORMA subroutine TR2. This subroutine uses a
third-order Newmark-Chan-Beta numerical integration procedure. 5 The
transient response solution is saved and used in load transformation equations
to obtain the transient loads experienced by the system.
TRANSIENT LOADS ANALYSIS
The equations used to obtain internal loads (shear, bending moment,
torsion, etc.) are developed herein. A loads transformation matrix, [ LTM],
is available from the vibration analysis. This matrix transforms the total
force acting at some time, t, to the internal loads, thus:
= [LTM]{F(t)> , (A-27)
where
{ L(t)} = vector of internal loads,
[ LTM] = force loads transformation matrix,
(F(t)} = total force vector, (includes inertial and applied forces).
We know that the total force acting on a structural system can be
determined from the displacement as follows:
(A-28)
5. Chan, S. P.; Cox, H. L.; and Benefield, W. A.: Transient Analysis of
Forced Vibrations of Complex Structural-Mechanical Systems. J. Roy. Aeron.
Soc., July 1962.
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Now, neglect the dissipative forces (generally conservative assumption) and





Substituting equation (A-30) into equation (A-27) yields the following expres-
sion for internal loads:
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[LTM1] = submatrix of [LTM] whose columns correspond to X, Y, Z
forces at point e,
[LTM2 ] = submatrix of [LTM] whose columns correspond to X, Y, Z
forces at points b, d, a, and c, respectively.
Substituting equation (A-14) into equation (A-31) yields
[LTMMP]{q(t)> + [LTMl]{F (t)} + [LTM2] [TFf ]{f(t)}
(A-32)
where
[LTMMP] = [LTM] [M]
Now referring to Figure 5, the actuators forces f (l), f( 2) can be written as
f( 1) = M ( 1) X ( 1) - K (1) X.( 1) + K (1) X ( 1)P
 P ° l ° P . (A_33)
f(2) = Mp(2) Xp(2) -KQ(2) X.(2) + KQ(2) Xp( 2)
We know from equation (A-26) that
X.(l) = p(3)
X.(2) = p(6) .
Then using equations (A-22) and (A-23), one can write expressions (A-33) in
matrix form as follows:
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M (l)(_TXP!Qj ' 0 0 0 00 0
M (2)|_TXP2QJ j 0 0 0 00 0
[b] =
i
o j o o -KQ(I) o o o o
o
I
I 0 0 0 0 0 -K 2
o
[c] =
K (i) LTXPIQJ | o o o o o o
KQ(2) |_TXP2QJ 1 0 0 0 0 0 0
Substituting equation (A-35) into equation (A-32) yields the following expression:
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Finally, one can express equation (A-36) in a form convenient for solution


















The solution of the transient response equation (A-26) applied in
equation (A-37) yields the transient- internal loads. Acceleration and dis-
placement responses can be obtained directly by solving equation (A- 2). That
is, displacements are computed as
(h(t)} =
and accelerations are computed as
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